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801. 
ON SEMINVARIANTS. 


[From the Quarterly Journal of Pure and Applied Mathematics, vol. xix. (1883), 
pp. 131—138.] 


THE present paper is a somewhat fragmentary one, but it contains some results 
which seem to me to be worth putting on record. 

I consider here not any binary quantic in particular, but the whole series (a, b, ca, y}, 
(a, b, c, dije, y}, &c.; or in a somewhat different point of view, I consider the indefinite 
series of coefficients (a, b, c, d, e,...); here, instead of covariants and invariants, we 
have only seminvariants; viz. a seminvariant is a function reduced to zero by the 


operator 
A = ad, + 2b0, + 3cdg+...; 


for instance, seminvariants are 
a, ac—U, wd—8abe+2b*, ad? + 4ac + Ald — babed — 30c, 
. 4e — Abd 4-3c, ace—ad?—b’e + 2bed — c^, &e. 


A seminvariant is of a certain degree @ in the coefficients, and of a certain 
weight w (viz. the coefficients a, b, c, d,... are reckoned as being of the weights 
0, 1, 2, 3,... respectively); it is, moreover, of a certain rank p; viz. according as the 
highest letter therein is a, c, d, e,... (it is never D), the rank is taken to be 0, 2, 3, 4, ..., 
and we have w= or «490. The seminvariant may be regarded as belonging to a 
quantic (m,...Q(v, y)”, the order of which, n, is equal to or greater than p; viz. in 
regard to such quantic the seminvariant, say A, is the leading coefficient of a covariant 

(A, B,..., K Qa, yy 
where the weights of the successive coefficients are w, w--1,... up to n0—w; hence 
number of terms less unity, that is, w, is —10 —2w; the least value of w is thus 
— pĝ — 2w, which is either zero, or positive; in the former case, w=4p0, the semin- 
variant is an invariant of the quantic (a,...§a, yy, the order of which is equal to 
the rank of the seminvariant; but if w<4p0, then it is the leading coefficient of a 
covariant (A, B,..., Kýæ, yy*-?" of the same quantic (a,...«, y}; and in every case, 
taking n >p, the seminvariant is the leading coefficient A of a covariant 

(A, B,..., Kýæ, yj 
of a quantic (a, ... jo, y)". 
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Take A as belonging to the quantic (a, ...ýæ, y)'; corresponding to such quantic, 
we have an operator A of the same rank n, viz. 
A -92b0.-- có, for n 22, 
be 3bo, T 2c0; " do, » 3, 
= Abda + 3c0; + 2do0, + C04 » 4, 


Operating with A on A, we have a series of terms 
A, AA, MA, ..., A" A, 


but the next term A"?-""'4, and of course every succeeding term, is =0, and this 
being so, the coefficients of the covariant (A, B, ..., Kýs, y)'*-?" are 


(1, fA, (15A...) A, 
or what is the same thing, each coefficient is obtained from the next preceding one 
by the formule 
B=}4AA, C-4AB, D-14C,.... 

The coefficients A and X, B and J,... are derived one from the other by reversal 
of the order of the coefficients of (a, b,... Xo, y)", with or without a change of sign, 
and thus it is only necessary to caleulate up to the middle coefficient, or pair of 
coefficients; and we obtain, moreover, a verification. 

Caleulating in this manner the covariant 

(A, B, ..., ERY, 


which belongs to the quantic (a, ... æ, y), if we herein change a, b, c, ... into az + by, 
bæ+cy, ce+dy,... we obtain the covariant belonging to the quantic (a, ...Ua, yy"; 
and in this covariant making the like change, or what is the same thing, in the first- 
mentioned covariant changing a, b, c,... into (a, b, c§a, yy, (b, c, de, yy, (c, d, eo, yy. ... 
we have the covariant belonging to (a,...§#, y)*?; and in like manner we obtain the 
covariant belonging to the quantie (a, ... ýx, y)" of any given order m. 

In particular, if w= 100, that is, if the given seminvariant be an invariant of 
(a,...§”, yy, then we obtain the series of covariants directly from A by therein 
changing a, b, c,... into aw+by, bæ + cy, ce+dy,... and in the result making the like 
change; or what is the same thing, in A changing a, b, c,... into (a, b, cz, yy, 
(b, c, dijo, yy, (c, d, ea, y),...: and so on until we obtain the covariant for the 
quantie (a, ... ýx, y)" of the given order n. 

A seminvariant which cannot be expressed as a rational and integral function of 
lower seminvariants is said to be irreducible. The theory is distinct from that of the 
irreducible covariants of a quantic of a given order; for instance, as regards the cubic 
(a, b, c, dije, y}, we have the irreducible covariant (invariant) 


ad? + 4ac? + 4d — babed — 3b*c?, 
but this is not an irreducible seminvariant; it is 
= (ac — b*) (ae — 4bd + 3c?) 
— a. (ace — ad? — be — c^ + 2bed), 
or, what is the same thing, there is not for the quartic (a, b, c, d, es, y), or for 
the higher quanties, any irreducible covariant having this for the leading coefficient. 
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We may consider the question to determine the number of asyzygetic seminvariants 
of a given degree and weight. For instance, taking the weights up to 12, so that 
the series of letters extends as far as m, then for the degrees 1, 2, 3 we have as 
follows : 


$ hig) ht de LO 18 ee 
LI dii 01g: 1 a Pe 


2 
Diff. 1 0 1 0 


Deg.3 | à? | ab | atc | æd | ave | af | a’g ah | ai aj | ak | al | am 
ab? | abe | abd | abe | abf | abg | abh | abi | abj | abk | abl 


ac? | acd | ace | acf | acg | ach | aci | acj | ack 
ad? | ade | adf | adg | adh | adi | adj 


D | Bre | Ud | be | Bf | Bg | bh | b% 09$ | Dk 
bc? | bed | bee | bef | beg | bch | bei | bej 
bd? | bde | bdf | bdg | bdh | bdi 


cd? | ede | cdf | cdg | cdh 


^; ia 

| d? | de | df | d'g 

| de® | def 

| e 
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For the degree 1, the line of differences shows that the only seminvariant is 
(W=0), the seminvariant a. 


For the degree 2, the line of differences 1, 0, 1, 0,..., shows that the number of 
seminvariants is =1 for each even degree, =0 for each odd degree; thus for the 
weight 0 there is a seminvariant =a, which of course is not irreducible; while for 
each of the other even weights we have a single irreducible seminvariant; as is well 
known, the forms are 


W= 2 4 | 6 8 10 12 


ac + 1 T T | apy R r 1 | abe 1 | ams 1 | 
p=? Mow eee | eo 8 |} yo a - 12 
Fue rm i wa ce +15 eg +28 ci + 45 | ck + 66 
| d-10 | df—56 | di-120 | dj -220 
P ncrhoniie35: [54..210.] a 4495 
f?-186 | fh — 192 
ra | g? +462 


For degree 3, the line of differences shows that for 


W =O d 93s 45/89 t8 9 10 11 12 
Nx ato 1151 1-2 1:939 $2^92 g 


but inasmuch as for each even weight there is a quadric seminvariant, which multi- 
plied by a gives a cubic seminvariant, to obtain the number of irreducible cubic 
seminvariants we subtract 


or the numbers of irreducible cubic seminvariants are as in the line last written 
down. 


CO. XII. 4 
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There is a convenience however in giving, for each even weight, as well the 
rejected reducible covariant; and the entire series of results is found to be 


Wo 2 
far] Gc 41 
| a*-1 
9 
ay + 1 
abi — 9 
ach + 2 
adg+ 42 |— 7 
aef — 36 | + 5 
bh + 36 |— 2 
beg —126 | + 7 
bdf —108 | + 22 
be? +180 | — 25 
ef +270 | — 27 
ede — 450 | + 45 
dè? 4200 | — 20 


3 4 5 6 
@d+1)\)@e+1|)af+l | ag+ 1 
abe — 3 | abd—4 | abe—5 | abf — 6 
D +2 | ac +3 | acd-- 2 | ace + 15 

bd +8 | ad?—10 
be? — 6 | We 
bed 
e 


aeg 4 210 
af? — 126 
bi 
bch 
bdg 
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abg- T 
acf + 9 
ade— 5 


bf +12 


bce — 30 


bd? + 20 


| 


aos wi 


8 
a 1| 
abh— 8 
acg + 28 
adf — 56 
ae” + 35 
Ug 
bof 
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The canonical form given for the quintic in my Tenth Memoir on Quanties [693] 
belongs to a series, viz. writing now the small roman letters (instead of the italic letters) 
for the series of coefficients, and using the italic letters a, c, d, e, f,... to denote 
seminvariants, they are as follows: 


Ü aea, 

2 c=ac —b?, 

3 d-ad -— 3abc + 2b?(=/ in the tenth memoir), 

4 e=ae —4bd +3¢ (=b in the tenth memoir), 

5 f =a*f — 5abe + 2acd + 8b*d — 6be?, 

6 g=ag —6bf +15ce —10d?, 

7 h=a*h—Tabg + 9acf — 5ade + 12b*f — 30bce + 20bd?, 
8 i=ai —8bh + 28cg — 56df+ 35e, 


&e. 
Writing also (instead of d in the tenth memoir) 
€ = ace — ad? — b?e + 2bed — c?, 
so that the equation a'd —a*bc--4c — f*— 0 of the tenth memoir, is in the present 
notation a?e — a?ec + 4 — d? — 0, then the series of canonical forms is 
Quadric. (1, 0, cio, yy, 
Cubic (1, 0, c, dis, yy, 
Quartic (1, 0, c, d, aà?e—3c o, yy, 
Quintic (1, 0, c, d, àe— 3c, af — 2ed je, yy, 
&e. 
the series of coefficients being 9 
1,0, ce d, @e+l1, @f+1,-ag+ 1, ah+1, at + 1, 
è —8 cd —2 are—15 arcf—-9 ateg— 28 
CO +45 atdet+5 ate — 35 
d +10 ced +3 cce 630 


adf+ 56 
c —1575 
ed? — 392 
these values being, in fact, the expressions in terms of the seminvariants a, c, d, &c. of 
ee ac, ad, ate, a‘f, ag, ath, a 
— b, —3abc, — 4a!bd, — 5a®be, -— Gatbf, — Ta’bg, — Sabh 
+2b*, +6ab%, --lO0ab'd, --15ab'e, 4-21a*b?f, + 28a*b'g 
—3b, —10abe, -— 20xb'd, — 35a*b’e, — 56a‘b'f 
+ 4 b + 15ab'e + 35a*b‘d, + 702?be 
— 5b*, — 2lab’c, — 56a?b'd 
+ 6b, + 28ab’c 
= qb 
4—2 
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I annex verifications of the foregoing values: 


ate -— | — 9e | 
ave | 1 +1 
a?bd —4 —4 
ac? +3 —3 0 
abe | + 6 + 6 
b* — 3 — 3 


= |—15a^*ve| +4528 | + 10d? 


a'g 1 

a*bf a d 

a‘ce — 15 0 

aid? 4-50 0 

a?b?e + 15 +15 

a?bed + 60 — 60 0 

ale? —45 | + 45 0 

a’b'd — 60 4 4071. 2290 

a?b?c? + 45 —135 | + 90 0 

ab*e 4 185 | — 120 | +15 

pt — 45 + 40°] — 5 
ah= | —9arcf | + 5a*de| + 3ed 

+ 1 

— 7 

0 

0 

+ 21 

0 

0 

0 

— 35 

0 

0 

+ 35 

0 

— 21 

+ 6 
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a'i 
a*bh 
eg 
df 
e 
a?b!g 
bef 
bde 
ce 
ed? 
a‘b*f 
b?ce 
b?d? 
bed 
cé 
a?be 
b?ed 
b?c* 
a?b*d 
bie? 
a béd 


a? b8 


a% = 


+ 1 


— 28a*cg 


ON SEMINVARIANTS. 


—35a'e? | + 56a7df | + 630g | — 1575c* — 999cd 


4 56 
— 385 
— 168 
4 280 — 280 
— 210 + 630 
+ 112 — 392 
+ 112 
— 1260 + 840 
— 560 + 448 + 392 
+ 840 — 2520 — 672 + 2352 
— $15 + 1890 * — 1575 
+ 630 — 560 
+ 5040 — 1120 — 3920 
— 3780 + 1008 + 6300 — 3528 
— 2520 + 896 + 1568 
+1890 | — 672 | —9450 | +8232 
+6300 | — 6272 
— 1575 | + 1568 


It would be interesting to obtain the general law for the expressions of the 
canonical coefficients in terms of the seminvariants. 
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